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Abstract. It is shown that the CKMT model for the nucleon structure function F2 gives a good description
of the recent HERA data at low and moderate Q2. A fit to the same data, obtained with a modified version
of the model in which a logarithmic dependence on Q2 has been included, is also presented. For moderate
values of Q2, in the current available range of x, the first parametrization leads to a better description of
the data.

1 Introduction

The CKMT model [1] is a theoretical model based on
Regge theory that provides a consistent formulation of
the nucleon structure function F2 in the region of low Q2

and can be used as a reliable initial condition of the per-
turbative QCD-evolution equation, to obtain F2 at larger
values of Q2. Thus, the CKMT model, which gives a good
description [1] of all the pre-HERA measurements [2] and
of the first small-x experimental data from HERA [3]
on F2(x, Q2) and σtot

γp (ν), can be useful for investigating
the interplay between soft (low Q2) and hard (high Q2)
physics that is now being studied for the first time in the
two small-x experiments (H1 and ZEUS) at HERA.

In this paper, we present the description that the
CKMT model provides for the more recent published data
on F2 at low Q2 by both HERA experiments [4,5]. These
data should contribute to a better determination of the
initial condition for the perturbative QCD-evolution equa-
tion. We also present the description of the experimental
data by a modified version of the CKMT model in which a
logarithmic dependence on Q2, asymptotically predicted
by perturbative QCD, has been included. The original ver-
sion of the CKMT model shows much better agreement
with experiment in the present experimental range of x
and moderate Q2 than the modified version of the model.

2 The model

Taking into account what is known from Regge theory and
hadronic interactions, the CKMT model [1,6] proposes for
the nucleon structure functions,

F2(x, Q2) = FS(x, Q2) + FNS(x, Q2), (1)

a parametrization of its two terms in the region of small
and moderate Q2. For the singlet term, corresponding to

the Pomeron contribution, the parametrization is

FS(x, Q2) = A × x−∆(Q2) × (1 − x)n(Q2)+4

×
(

Q2

Q2 + a

)1+∆(Q2)

, (2)

with x → 0 behavior determined by an effective intercept
of the Pomeron, ∆. The model thus takes into account
Pomeron cuts and therefore (and this is one of the main
points of the model) depends on Q2. This dependence is
parametrized in [1] as:

∆(Q2) = ∆0 ×
(

1 +
∆1 × Q2

Q2 + ∆2

)
, (3)

where ∆0, ∆1, and ∆2 are free parameters which control
the change in the effective value of ∆ from the region of
low Q2 to that of high Q2. Thus, for low values of Q2

(where Regge cuts are important), ∆ is close to the ef-
fective value found from analysis of hadronic total cross
sections (∆ ∼ 0.08), while for high values of Q2 (where the
contribution of cuts is small), ∆ takes the bare Pomeron
value, ∆ ∼ 0.2–0.25. The parametrization for the nonsin-
glet term, which corresponds to the secondary Reggeon (f,
A2) contribution, is:

FNS(x, Q2) = B × x1−αR × (1 − x)n(Q2)

×
(

Q2

Q2 + b

)αR

, (4)

where the x → 0 behavior is determined by the secondary
Reggeon intercept αR, which should be in the range αR =
0.4–0.5. The valence-quark contribution can be separated
into the contribution of the u and d valence quarks by the
replacement

B × (1 − x)n(Q2) → Bu × (1 − x)n(Q2) + Bd

×(1 − x)n(Q2)+1, (5)
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Table 1. Values of the parameters in the CKMT model ob-
tained in former fits: (a) the fit in which the low Q2 HERA
data [4,5] have also been included; (b) the fit to the same data
obtained with the modified version of the CKMT model in
which a logarithmic dependence of F2 on Q2 has been taken
into account; (c) all dimensional parameters, given in GeV2.
The valence counting rules provide the following values of Bu

and Bd, for the proton case, when fixing their normalization
at Q2

0 = 2GeV2: (a) Bu=1.2064, Bd=0.1798; (b) Bu=1.1555,
Bd=0.1722; (c) Bu=0.6862, Bd=0.09742. In previous fits, (a),
the parameter ∆1 had been fixed to a value ∆1=2

CKMT model (a) (b) (c)
A 0.1502 0.1301 0.1188
a 0.2631 0.2628 0.07939
∆0 0.07684 0.09663 0.1019
∆1 2.0 1.9533 1.2527
∆2 1.1170 1.1606 0.1258
c 3.5489 3.5489 (fixed) 3.5489 (fixed)
b 0.6452 0.3840 0.3194
αR 0.4150 0.4150 (fixed) 0.5872
χ2/d.o.f. – 106.95/167 453.19/167

and the normalization condition for valence quarks fixes
Bu and Bd at one given value, Q2

0, of Q2 (we use Q2
0 =

2GeV2 in our calculations). For both the singlet and non-
singlet terms, the behavior when x→1 is controlled by
n(Q2),

n(Q2) =
3
2

×
(

1 +
Q2

Q2 + c

)
, (6)

chosen in such a way that, for Q2=0, valence-quark distri-
butions have the same power, given by Regge intercepts,
as in the dual parton model [7], n(0) = αR(0)−2×αN (0) ∼
3/2, where αN (0) is the intercept of the nucleon Regge tra-
jectory, and the behavior of n(Q2) for large Q2 coincides
with dimensional counting rules [8].

The total cross section for real (Q2=0) photons can be
obtained from the structure function F2 using the follow-
ing relation:

σtot
γp (ν) =

[
4π2αEM

Q2 × F2(x, Q2)
]

Q2=0
. (7)

The proper F2(x, Q2) ∼ Q2 behavior at Q2 → 0 is fulfilled
in the model due to the last factors in equations (2) and
(4), which are similar to those in references [9] and [10].
Thus, the σtot

γp (ν) has the following form in the CKMT
model:

σtot
γp (ν) = 4π2αEM × (

A × a−1−∆0 × (2mν)∆0

+(Bu + Bd) × b−αR × (2mν)αR−1) . (8)

The CKMT then parametrizes both the nucleon structure
functions and γp total cross sections by an 8-parameter
function. Besides the normalizations of the u and d con-
tributions, 4 out of the 8 parameters appear in (8), so the

proton structure function contains only 4 extra param-
eters. Although the parameters are not completely free,
and are correlated, some theoretical uncertainty still ex-
ists in the determination of their exact values. To elimi-
nate this uncertainty, comparison with experimental data
is needed. The CKMT model with the values of the param-
eters which are listed in Table 1(a) gives [1] a good descrip-
tion of all the experimental data on total cross sections for
real photons and nucleon structure functions published by
former, pre-HERA experiments [2], and of the first HERA
measurements [3]. It should be noted that the values ob-
tained in the fit for the most significant parameters are
consistent with the expected values in Regge theory. In ad-
dition, the model provides [11,12] reasonable descriptions
of the HERA data on diffraction [13] by parametrizing
the Pomeron structure function, and also of the available
experimental data on nuclear shadowing [14], because of
the use of this parametrization of the Pomeron structure
function in the frame of the Gribov theory [15].

3 Description of the HERA data on F2

at low Q2

In the former fit of reference [1], the accuracy in the deter-
mination of the values of the parameters in the model is
limited by the lack of experimental data at low and mod-
erate Q2. The publication of the new experimental data
[4,5] on F2 from HERA at low and moderate Q2 allows
us to include in the fit experimental points situated in
the kinematical region where our parametrization should
describe the data.

Thus we proceed as in [1], now testing the model in
larger regions of x and Q2 by adding into a global fit
the H1 and ZEUS experimental data on F2 at low and
moderate Q2 to those [2] from the NMC and E665 Col-
laborations, and to the data on cross sections for real pho-
toproduction. We take as initial conditions for the values
of the different parameters those obtained in the previ-
ous fit [1]. The result of the new common fit to σtot

γp and
F2 is presented in Figs. 1 and 2, and the final values of
the parameters can be found in Table 1(b). Now the pa-
rameter ∆1 (fixed to ∆1=2. in [1]) is left free, and, since
the fit turns out not to be very sensitive to changes in
the values of the parameters c and αR, these parameters
are fixed to their original values in [1]. As can be seen in
the figures, the quality of the description provided by the
CKMT model of all the experimental data, and, in par-
ticular, of the new HERA data, is very good, with a value
of χ2/d.o.f. = 106.95/167 for the global fit, with the sta-
tistical and systematic errors treated in quadrature, and
with the relative normalization among all the experimen-
tal data sets equal to 1.

Also, since the small-x HERA experiments allow for
the first time the study of the interplay between soft and
hard physics, we have modified our model, with basically
only power dependence on Q2, to include a logarithmic
dependence on Q2, as predicted asymptotically by per-
turbative QCD [16]. Our aim is to investigate whether
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Fig. 1. σtot
γp and σtot

γ∗p (in µ barns) vs W (in GeV) for dif-
ferent values of Q2. Theoretical fits have been obtained with
the CKMT model (full line) and the modified version of the
CKMT model (dashed line). Points at (a) Q2 = 0GeV2 (*8.);
(b) Q2 = 0.15GeV2 (*6.); (c) Q2 = 0.25GeV2 (*5.); (d) Q2 =
0.5GeV2 (*4.); (e) Q2 = 0.8GeV2 (*3.); (f) Q2 = 1.5GeV2

(*2.); and (g) Q2 = 3.5GeV2 (*1.). Experimental points for F2

(σtot
γ∗p) are from [4] (black circles), and [5] (crosses), and exper-

imental data on σtot
γp are from [20,21,22]. Experimental points

from NMC and E665 are not presented in this figure for the
sake of clarity, but the quality of the fit to these points does
not change from [1]

such a modified version of the model provides a smoother
matching in the description of both the soft and the hard
regimes, and whether the available experimental data can
distinguish a description where the Q2 dependence satu-
rates from that of a model without such a saturation.

To include the logarithmic dependence on Q2 in our
model, we take into account that the behavior of F2 at
small x is given in QCD by the singularities of the mo-
ments of the structure functions [17], the rightmost singu-
larity giving the leading behavior. Thus we introduce into
(1) the following factors [17,18], which correspond to the
moments of the structure functions in the language of the
OPE expansion, and can be calculated by the convolution
in rapidity of the hard-upper part with the soft-lower part
of the leptoproduction diagram:

(
αs(Q2

0)
αs(Q2)

)di(ni)

, i = S, NS, (9)

where the strong coupling constant is taken as

αs(Q2) =
4π

β0 × log
(

Q2+M2

Λ2
QCD

) , (10)

where M ∼ 1GeV, a hadronic mass [19] is included in (10)
to avoid the singularity in αs when Q2 → Λ2

QCD, ΛQCD =
0.2GeV, and β0 = 11 − 2/3nf (we use in our calculations

Fig. 2. F2(x, Q2) vs. Q2 (in GeV2) for different values of x.
Theoretical fits have been obtained with the CKMT model
(full line) and the modified version of the CKMT model
(dashed line). Experimental points at (a) from left to right,
x=0.42×10−5, x=0.44×10−5, and x=0.46×10−5 (*8.); (b)
from left to right, x=0.85×10−5, x=0.84×10−5, x=0.83×10−5,
and x=0.86×10−5 (*6.); (c) from left to right, x=0.13×10−4,
and three points at x=0.14×10−4 (*5.); (d) x=0.5×10−4 (*4.);
(e) x=0.8×10−4 (*3.); (f) x=0.2×10−3 (*2.); (g)
x=0.5×10−3 (*1.); (h) x=0.52×10−2 (*1.); and (i)
x=0.13×10−1 (*1.). Experimental points for F2 are from
[4] (black circles), [5] (crosses), and [2] (black squares for the
E665 points, and black diamonds for the NMC points)

a number of flavors nf=3). The exponents dS(nS) and
dNS(nNS) in (9) are proportional to the largest eigenvalue
of the anomalous dimension matrix, and to the anomalous
dimension, respectively:

dS(nS) ∼ d0

4(nS − 1)
− d1, (11)

with

d0 =
48
β0

, d1 =
11 + 2/27nf

β0
,

and

dNS(nNS) =
16

33 − 2nf
×

(
1

2nNS(nNS + 1)

+
3
4

− S1(nNS)
)

, (12)

with

S1(nNS) = nNS ×
∞∑

k=1

1
k(k + nNS)

.

Thus (1) is modified in the following way:

F2(x, Q2) =
(

αs(Q2
0)

αs(Q2)

)dS(nS)
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×FS(x, Q2) +
(

αs(Q2
0)

αs(Q2)

)dNS(nNS)

×FNS(x, Q2). (13)

The exponents of the new factors in (13), dS(nS) and
dNS(nNS), give us the singularities in ni, i = S, NS, of
the momenta, which, as we mentioned above, control the
QCD small-x behavior of F2. Therefore, these exponents
have to be evaluated in our model at nS = 1 + ∆(Q2 →
∞) = 1 + ∆0(1 + ∆1) and nNS = αR, respectively (see
(2) and (4)). We consider in our expressions only the LO
behavior, and again we can use the relation (3) to obtain
from (13) the expression of the total cross section for real
photoproduction.

At this point, two main differences between our ap-
proach and that of [18], which also provides good fits of
the experimental data, can be mentioned. First, while in
our model just one Pomeron with a Q2-dependent inter-
cept is present, in the approach of [18], two components,
a constant soft Pomeron and a hard Pomeron with a very
large intercept ∆ ∼ 0.5, are used. Second, in our case the
proper Q2 behavior of F2 (see also [10]) for Q2 → 0 is
provided in a natural way, and thus a justified choice [19]
of the effective mass M2 in αs(Q2) (see (10)) provides a
nonsingular behavior of αs(Q2) throughout the Q2 range
when the logarithmic dependence on Q2 is added. In [18],
on the contrary, one particular value of M2 = Λ2

QCD has to
be taken in (10) in order to get the required behavior of F2
for Q2 → 0, resulting in a singular behavior αs(Q2) → ∞
as Q2 → 0.

Now we repeat the fit with the modified version of
the CKMT model. Again we take as starting point for
the QCD evolution the value Q2

0 = 2GeV2, used to fix
the normalization of the valence component. The result of
this second fit is also presented in Figs. 1 and 2, and the
final values of the parameters in the model are given in
Table 1(c). In this case, only the parameter c was fixed to
its value in [1].

As it can be seen in the figures, the quality of this sec-
ond fit is substantially worse than for the original model,
the value of χ2/d.o.f. = 453.19/167 now being apprecia-
bly higher than in the fit obtained with the nonmodified
version of the CKMT model. Note that the two models
are essentially different only for Q2 ≥ 1 GeV2, since αs

is practically constant at lower values of Q2, and that
by an appropiate choice of free parameters, it is possible
to obtain nearly identical predictions for both models in
this low Q2 region. However, for values of Q2 ≥ 1 GeV2,
there is no freedom in the modified version of the model,
which predicts a fast increase of the structure functions
with Q2, as compared with the original version of the
model. This behavior contradicts experiment in this re-
gion. We think that this is instructive, as it illustrates
two important points. First, the asymptotic formulas for
a solution of QCD-evolution equations used in the sec-
ond parametrization are valid at much smaller values of
x than those in the region studied at HERA (see dis-
cussion of this point in [6]). Secondly (and, we believe,
more importantly), an extrapolation of the Q2 dependence

based on QCD evolution from a region of large Q2 to a
region where Q2 ≤ 2GeV2 leads to too- large values of
dF2/dlnQ2 as compared to HERA experimental data, in-
dicating a change of the dynamics in this region. This fact
is also illustrated by a comparison of the Q2 derivatives
for the second parametrization to experimental data in
Fig. 2. On the contrary, the purely nonperturbative origi-
nal parametrization reproduces satisfactorily these deriva-
tives in the whole region of Q2 ≤ 3–4 GeV2.

One common feature of the two fits is that they give
values of the total cross section for real photons that are
higher than the experimental ones in the region of large
W , where the experimental error bars are large. More
accurate measurements in this region should clarify this
point. Concerning the final values of the parameters, it
should be noted that ∆0 takes similar values in cases (b)
and (c), both slightly larger than the original value in
(a), providing a stable asymptotic behavior of the effec-
tive ∆(Q2 → ∞) ∼ 0.25–0.3, which includes some effects
of perturbative QCD evolution.

4 Conclusions

In conclusion, the CKMT model for the parametrization
of the nucleon structure functions provides a very good de-
scription of all the available experimental data on
F2(x, Q2) at low and moderate Q2, including the more
recent small-x HERA points. In addition, the fit to the
same data, obtained with a modified version of the model
in which a logarithmic dependence on Q2 is included, has
been presented. The χ2/d.o.f. of this second description is
appreciably higher than that of the fit obtained with the
nonmodified version of the CKMT model.
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B 495, 221 (1997)

19. Yu. A. Simonov, Yad. Fiz. 58, 113 (1995) (Phys. At. Nucl.
58, 107 (1995))

20. D.O. Caldwell, et al., Phys. Rev. Lett. 40, 1222 (1978)
21. ZEUS Collaboration, M. Derrick, et al., Phys. Lett. B 293,

465 (1992); ZEUS Collaboration, M. Derrick, et al., Z.
Phys. C 63, 391 (1994)

22. H1 Collaboration, S. Aid, et al., Z. Phys. C 69, 27 (1995)


